REMARKS ON A NORMAL SUBGROUP OF GA^ 

JAKUB ZYGADLO 

Abstract. Wc show that the subgroup generated by locally finite 
polynomial automorphisms of fc" is normal in GA„. Also, some prop- 

QQ ■ erties of normal subgroups of GAn containing all diagonal automor- 

^^ ' phisms are given. 

o' 

(N 

Q^' Let fc be a field of cliaracteristic zero. A polynomial endomorphism G 

^ • of /c" will be identified with an n-tuple G = (Gi, . . . , Gn) of polynomials 

-J. ! in n variables over k. Every polynomial endomorphism of /c" defines a 

/c-endomorphism G* of the algebra k[Xi, . . . ,Xn] in the following way: 
G*{f) ■= foG = f{Gi,...,Gn) (equivalents, set G*{X,) := Gi, for 
i = 1, . . . ,n and extend G* uniquely to a fc-endomorphism) . A polynomial 
endomorphism G of k"' is an automorphism, if its associated map G* is a 
fc-automorphism of the algebra k[Xi, . . . , X„]. The set of all polynomial 
automorphisms of fc" forms a group under composition - it is called the 
polynom,ial automorphism, group of k^ and denoted GAn. 
Given an endomorphism G = [Gi, . . . , Gn) of fc"", we will mean by deg Gi 
the total degree of Gi and degG := maxj=i^.,,„ degGj. Notation G°"^ will 
denote the m-th iterate of G, i. e. G°'^ = G o G"^"^'^^ for m > 1 and 
G\'. G°° := J - the identity. 

As in p3] , an automorphism G G GAn will be called locally finite if G* is 
locally finite as a /c- linear mapping - that is, for every / G k[Xi, . . . , A„] 
O ■ the /c- vector subspace of k[Xi, . . . , A„] spanned by 

00 ■ 
O. {(G*)°'"(/) :mGN} = {/oG°'":mGN} 



< 






is finite dimensional. The set of all locally finite polynomial automor- 
r> I phisms of fc" will be denoted LFn- It is not hard to see that the following 

c^ ■ conditions on G are equivalent (see [3], Th. 1.1): 

(1) G is locally finite, 

(2) sup^ei,deg(G°-)<+oo, 

(3) 3p{T) G k[T] \ {0} : p{G) = 0, that is aaG""^ + . . . + oiG + aoJ = 
for some ai & k, i = 0, . . . ,d, not all a^ equal 0. 

Any p satisfying condition (3) is called the vanishing polynomial for G. 
One easily verifies that the set of all vanishing polynomials (for a given 
G) together with the zero polynomial forms an ideal in k[T] - its monic 
generator will be called the minimal polynomial for G and denoted by fie- 
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Fix n > 1 and consider the subgroup JF„ C GAn generated by all locally 
finite polynomial automorphisms of A;": 

^n = {Gi o . . .oGs ■■ Gi e LFn for i = 1, . . . , s and s G N} 

Observation 1. JF„ is a normal subgroup of GAn. 

Proof. Obviously JF„ contains / and is closed under composition. Since 
for F = Gi o . . . o Gs and G GAn we have F~^ = G~^ o . . . o G^^ 
and (j) o F o 0^^ = [cj) o G\ o 0^^) o . . . o (0 o Gs o 0~^), it remains to 
show that if G is locally finite, then so are G~^ and o G o 0^^. But 
if p{T) = OdT'^ + . . . + aiT + ao is a vanishing polynomial for G, then 
T'^p{l/T) = aoT'^ + aiT'^-^ + . . . + a^ vanishes on G~^. Also note that 
sup^^j,{deg(0 o G o 0-1)°-} = sup„gp,{deg(0 o G°™ o 0-i)} < deg0 ■ 
sup^gi^{deg(G°™')} ■ deg(0-i) < +cxd if G G LFn- This concludes the 
proof. n 

An automorphism G = (Gi, . . . , G„) G GAn is called 

• diagonal, if Gj = qXj, q G A; \ {0} for i = 1, . . . , n, 

• ajO^ne, if G, = Yl^i (^ij^j + ^^^ '^u e A;, 6i G A; for i, j = 1, . . . , n 

• elementary, if Gj = Xj + (? for some (? G A;[Xi, ...,Xj_i,Xj_|_i, ...,X„] 
and Gj = Xj for j j^ i, 

• tame, if G is a (finite) composition of affine and elementary auto- 
morphisms, 

• jacobian, if det J{G) = 1, where J(G) = (g^) . _-, is the jaco- 
bian matrix of G 

The set of diagonal (resp. affine, elementary, tame, jacobian) automor- 
phisms of A;" will be denoted by Din (resp. Afn, Eln, Tn, Jn)- We will 
need the following standard lemma: 

Lemma 1. Every tame automorphism F ETn can he written in the form 

F = Eio ...oEsoD 

where Ei G Eln for i = 1, . . . ,s and D G Din. 

Proof. First, note that if _E = (Xi, . . . , Xj_i, Xj + g, Xj+i, . . . , X„) G Eln 
and D G Din then D o E = E o D, where E = (Xi, . . . ,Xi + g, . . . , X„) 
and g = g o D~^ = g{D^^, . . . , -Djl\, -Dj^\, • • • , Dn^). Therefore it suffices 
to prove that every F G T„ is a composition of elementary and diagonal 
maps, and consequently that the claim holds for F G Afn. Since trans- 
lations (maps of the form i?j = Xj + 6j, hi G k, i = 1, . . . , n) are clearly 
compositions of elementary morphisms, we may assume that F{0) = 0. 
Consider the matrix A of F in some basis of A;"; of course det A ^ 0. 
Applying Gaussian elimination to A, we arrive at a triangular matrix A' 
associated to a mapping F' that clearly is a composition of elementary 
automorphisms. To conclude the proof, we need to show that the follow- 
ing automorphisms (operations in the procedure of Gaussian elimination) 
can be expressed as compositions of elementary and diagonal maps: 
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- Aij^c = {^1, ■ ■ ■ , Xi_i, Xi+cXj,Xi^i, . . . , Xn) - addition of a scalar 
multiple of a row to another row, 

- Tij = [Xi, . . . , Xi_i, Xj, Xj_|_i, . . . , Xj_i, Xi, Xj_|_i, . . . , Xn) - trans- 
position of rows. 

But clearly Aj.j,c is elementary and Tij = Aij^i o Aji_i o Aij^i o D, where 
D := [Xi, . . . , Xj_i, —Xi, Xj+i, . . . , Xn) G Din- O 

Here is our main observation: 

Observation 2. Let A^ be a normal subgroup of GAn containing all 
diagonal automorphisms. Then every tame automorphism belongs to A^. 

Proof. Due to Lemma [T], we only need to prove that every elementary 
automorphism is in A^. Let F e Eln, that is 

F = [Xi, . . . ,Xj„i,Xj + g,Xi^i, . . . ,Xn) 

for some i E {I, . . . ,n} and g G k[Xi, . . . , Xj_i, Xj+i, . . . , X„]. Take D := 
{Xi, . . . , Xj_i, 2Xi, Xj+i, . . . , Xn) and note that 

F-^oDoF= (Xi, . . . ,X,_i,2X, + ^,X,+i, ...,Xn)eN 

since N is normal. Then (F~^ o Do F)o D^^ = F is an element of N . D 

The following observation (applied to the case n = 2) can be of some 
revelance to the results of [T]. 

Observation 3. Let X be a normal subgroup of J„, such that every 
diagonal automorphism with determinant equal to 1 belongs to N. Then 

T„ n J„ C N. 

Proof. Express F G T„n J„ as in Lemma [U- since all Ei G Jn, we conclude 
that D E Jn and as in the previous observation, it suffices to show that 
Eln C N. Let F = (Xi, . . . , X^.i, Xi + g, X^+i, . . . , X„) G Eln, with 
g G k[Xi, ...,Xi,...,Xn]. Fix any j ^ i and write g = Xlr-=o 9r{X^)X^, 
where X* denotes the set of variables with Xj and Xj omitted. Next, 
choose a E k\ {0} that is not a root of unity (such an a exists, since k 
is of characteristic 0) and define mappings: D G Din H J„ as Di = aXi, 
Dj = a^^Xj and Di = X; for / ^ {hj} and E G Eln as Fj = Xj + h, 
where /i = Er=o(«^^" - l)~^^r(X)^; and Fj = X, for / ^ t. Then 
F-i o F o F G X and 

{aXj + ah — h o D, I = i 
a-'X„ 1=3 

It follows that (F~^ o Do Eo D~^)i = Xi + aho D^^ — h (identity on other 
coordinates). But ah o D^^ — h = Ylr=o(^^^^ ~^ i)hr{X^:)X^ = g, hence 
F= (F-ioFoF)oF-i gX. D 

Surprisingly, similar fact occurs for the famous Nagata automorphism 
(see m). 
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Observation 4. Let n = 3 and A^ be a normal subgroup of GA^, contain- 
ing all diagonal automorphisms. Then the Nagata automorphism 

F={X - 2{Y^ + XZ)Y - {Y^ + XZfZ, Y + {Y"^ + XZ)Z, Z) 

belongs to A^. 

Proof. Let a := Y"^ + XZ. Take L := {\X, \Y, Z) e N and note that 

aoL = \a. One easily checks that F"^ = {X + 2oY - o'^Z, Y - aZ, Z) 

and 

p-^ oLoF = (-X - ^-aY - —a^Z, ^Y + -aZ, Z\ 
M 4 16 '24'^ 

Consequently, [F^^ o L o F) o L^^ = F is an element of N. D 

Since JF„ is normal for every n G N and all diagonal automorphisms are 
clearly locally finite, we have the following alternative: 

(1) either JF„ is a nontrivial normal subgroup of GAn, 

(2) or JF„ = GAn, and thus locally finite automorphisms form the set 
of generators for GAn- 

Note that for n = 1,2 the second possibility occurs (case n = 1 being 
trivial and n = 2 a consequence of Jung-van der Kulk theorem and Ob- 
servations]). For n = 3, theorem of Shestakov-Umirbaev and Observation 
m may suggest that JF3 = GA3 but the problem is certainly worth further 
research. 

References 

[1] V. I. Danilov, Nonsimplicity of the group of unimodular automorphisms of the 

affine plane, Matematicheskie Zametki, vol. 15, no. 2 (1974), pp. 289-293. 
[2] A. van den Essen, Polynomial Automorphisms and the Jacobian Conjecture, 

Progress in Math., vol. 190, Birkhauser Verlag, Basel, Boston, Berlin, 2000. 
[3] J. -P. Furter, S. Maubach, Locally Finite Polynomial Endomorphisms, J. Pure 

and Applied Algebra, vol. 211, no. 2 (2007), pp. 445-458. 
[4] M. Nagata, On the automorphism group of k[X,Y], in: Kyoto Univ. Lectures in 

Math. vol. 5, Kyoto University, Kinokuniya, Tokio, 1972. 

Jagiellonian University, Institute of Mathematics, Reymonta 4, 30-059 
Krakow, Poland. 

E-mail address: j aJsub . zygadloSim . uj . edu . pi 



